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1. Introduction 

Let {M, g) be a compact Riemannian manifold of dimension n > 3. The 
Yamabe problem is concerned with finding metrics of constant scalar curva- 
ture in the conformal class of g. This problem leads to a semi-linear elliptic 
PDE for the conformal factor. More precisely, a conformal metric of the 

4 

form g has constant scalar curvature c if and only if 

(1 ^ Agu -RnU + cu^-^ = 0, 

n — 2 

where is the Laplace operator with respect to g and Rg denotes the scalar 
curvature of g. Every solution of ([1]) is a critical point of the functional 



In 



(2) Eg{u) _ 

In this paper, we address the question whether the set of all solutions to 
the Yamabe PDE is compact in the C^-topology. It has been conjectured 
that this should be true unless (M, g) is conformally equivalent to the round 
sphere (see [l5] > [E] > [E] ) • The case of the round sphere 5*^ is special in that 
([T|) is invariant under the action of the conformal group on 5", which is 
non-compact. It follows from a theorem of Obata [14J that every solution of 
the Yamabe PDE on 5" is minimizing, and the space of all solutions to the 
Yamabe PDE on S"^ can be identified with the unit ball Note that the 

round sphere is the only compact manifold for which the set of minimizing 
solutions is non-compact. 

The Compactness Conjecture has been verified in low dimensions and 
in the locally conformally flat case. If {M,g) is locally conformally flat, 
compactness follows from work of R. Schoen [15j.|16j. Moreover, Schoen 
proposed a strategy, based on the Pohozaev identity, for proving the conjec- 
ture in the non-locally conformally flat case. In |12j . Y.Y. Li and M. Zhu 
followed this strategy to prove compactness in dimension 3. O. Druet [6] 
proved the conjecture in dimensions 4 and 5. 

The case n > 6 is more subtle, and requires a careful analysis of the 
local properties of the background metric g near a blow-up point. The 
Compactness Conjecture is closely related to the Weyl Vanishing Conjecture, 
which asserts that the Weyl tensor should vanish to an order greater than 
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at a blow-up point (see [Ej). The Weyl Vanishing Conjecture has 
been verified in dimensions 6 and 7 by F. Marques [13] and, independently, 
by Y.Y. Li and L. Zhang [10]. Using these results and the positive mass 
theorem, these authors were able to prove compactness for n < 7. Moreover, 
Li and Zhang showed that compactness holds in all dimensions provided that 
l^sWI + l^^aWI > foi' ^^^P ^ III dimensions 10 and 11, it is suflacient 
to assume that \Wg{p)\ + \VWg{p)\ + \V'^Wg{p)\ > for all p G M (see [TT]). 

Very recently, M. Khuri, F. Marques and R. Schoen j9] proved the Weyl 
Vanishing Conjecture up to dimension 24. This result, combined with the 
positive mass theorem, implies the Compactness Conjecture for those dimen- 
sions. After proving sharp pointwise estimates, they reduce these questions 
to showing a certain quadratic form is positive definite. It turns out the 
quadratic form has negative eigenvalues if n > 25. 

In a recent paper it was shown that the Compactness Conjecture 
fails for n > 52. More precisely, given any integer n > 52, there exists a 
smooth Riemannian metric g on 5" such that set of constant scalar curvature 
metrics in the conformal class of g is non-compact. Moreover, the blowing- 
up sequences obtained in [4j form exactly one bubble. The construction 
relies on a gluing procedure based on some local model metric. These local 
models are directions in which the quadratic form of [9] is negative definite. 
We refer to [5| for a survey of this and related results. 

In the present paper, we extend these counterexamples to the dimensions 
25 < n < 51. Our main theorem is: 

Theorem. Assume that 25 < n < 51. Then there exists a Riemannian 
metric g on S"" ( of class C°°) and a sequence of positive functions Vy £ 
C°°{S"') (i' with the following properties: 

(i) g is not conformally flat 

(ii) Vi, is a solution of the Yamabe PDE ^ for all u ^fi 

(ifi) Eg{vy) < y(S") for all G N, and Eg{vu) y(5") as v ^ oo 
(iv) supgn —> oo as V oo 
(Here, Y{S'^) denotes the Yamabe energy of the round metric on S"'.) 

We note that O. Druet and E. Hebey [7j have constructed blow-up exam- 
ples for perturbations of ([I]) (see also [8]). 

In Section 2, we describe how the problem can be reduced to finding 
critical points of a certain function !Fg{S^,e), where ^ is a vector in and 
e is a positive real number. This idea has been used by many authors (see, 
e.g., [l], [2], [3], [4]). In Section 3, we show that the function J^g{^,£) can be 
approximated by an auxiliary function F{^,e). In Section 4, we prove that 
the function F{^, e) has a critical point, which is a strict local minimum. 
Finally, in Section 5, we use a perturbation argument to construct critical 
points of the function FgiS,, e). From this the non-compactness result follows. 

The authors would like to thank Professor Richard Schoen for constant 
support and encouragement. The first author was supported by the Al- 
fred P. Sloan foundation and by the National Science Foundation under 
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2. LyAPUNOV-SCHMIDT REDUCTION 

In this section, we collect some basic results established in [3]. Let 



2n 



£ = lw(i (R") n W/;^^(M") : / <oo\. 

[ JM" J 

By Sobolev's inequality, there exists a constant K, depending only on n, 
such that 



n-2 

( / ) " <K 



\dw\ 



for all w ^ £. We define a norm on £ by = J^„ \dw\'^. It is easy to see 

that £, equipped with this norm, is complete. 

Given any pair (^, e) G M" x (0, cxd), we define a function u^^ g) : M" M 

by 



.e2 + |a;_^|2 

The function satisfies the elliptic PDE 



n-2 
2 



n-l-2 
, n-2 



A7X(^,,) + n(n - 2) u^-^^ = 0. 
It is well known that 



2n 



y(5") 



\An{n-l), 
for ah (^,e) E M" x (0,oo). We next define 

f e - \a: - 



-.e"^ + \x - i\^J e2_^|2;_^|S 
and 

^ 2e [xk - ik) 



^e'^ + \x — ^\^J _|_ i^. _ ^|2 

for A; = 1, . . . , n. Finally, we define a closed subspace £[^^e) C f by 

^{i.e) = \w (^£ : I (P(^,e,k)'w = for A; = 0, 1, . . . ,n L 
I JR" ) 

Clearly, n(5^j) G 

Proposition 1. Consider a Riemannian metric on of the form g{x) = 
exp(/i(x)), where h{x) is a trace-free symmetric two-tensor on satisfying 
h{x) = for \x\ > 1. There exists a positive constant qq < 1, depending 
only on n, with the following significance: if \h{x)\ + + \d'^h{x)\ < oq 

for all X G M", then, given any pair e) G M" x (0,oo) and any function 
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2n 

/ € L"+2(M"), there exists a unique function w = G ^{i,s) such 

that 



J 

Jk 



/ n — 2 — \ f 

^ [{dw, d^P), + R,wi.-n{n + 2) Vj = / V' 



/or aZZ test functions ip G ^(^,£)- Moreover, we have \\w\\£ < C\\f\\^^n^^^^y 
where C is a constant that depends only on n. 

Proposition 2. Consider a Riemannian metric on of the form g{x) = 

exp{h{x)) , where h{x) is a trace-free symmetric two-tensor on M" satisfying 
h{x) = for \x\ > 1. Moreover, let (^,e) G x (0,oc). There exists a 
positive constant cti < uq, depending only on n, with the following signifi- 
cance: if \h{x) \ + |5/i(a;)| + \d'^h{x)\ < ai for all x G M", then there exists a 
function G £ such that 'y(^,£) — 'f^(^,£) £ ^{^,s) ^^'^ 

f / n — 2 4 \ 

J^n '^'^^s + 4[n - 1) - - 2) ?;(^,£) V-j = 

for all test functions ip G £{^,s) ■ Moreover, we have the estimate 



< C 



n-2 



n+2 
. n-2 



2n , 



where C is a constant that depends only on n. 

We next define a function : R" x (0, oo) — > M by 

f / oTT, — 2 o Q 2n \ 

-2(„"-2)(;^<^"' " 



^4n(n — 1 

If we choose a\ small enough, then we obtain the following result: 



Proposition 3. The function Tg is continuously difjerentiable. Moreover, 
if (4,e) is a critical point of the function Tg, then the function is a 

non-negative weak solution of the equation 

n — 2 "+2 
^9^m - _ 1) + n{n - 2) v^fj^ = 0. 

3. An ESTIMATE FOR THE ENERGY OF A "BUBBLE" 

Throughout this paper, we fix a real number r and a multi-linear form 
: X X M" X M" M. The number r depends only on the dimension 
n. The exact choice of r will be postponed until Section 4. We assume that 
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Wijki satisfies all the algebraic properties of the Weyl tensor. Moreover, we 
assume that some components of W are non-zero, so that 

n 

{Wijki + Wiikjf >o. 

i,j,k,l=l 

For abbreviation, we put 

n 

p,q=l 

and 

Hik{x) = f{\x\^)Hik{x).. 
where /(s) = r + 5s — + ^ s^. It is easy to see that Hik{x) is trace-free, 
EILi Hikix) = 0, and Zti diHik{x) = for all x G W^. 

We consider a Riemannian metric of the form g{x) = exp(/i(x)), where 
h{x) is a trace-free symmetric two-tensor on M" satisfying h{x) = for 
\x\ > 1, 

\h{x)\ + \dh{x)\ + \d'^h{x)\ < ai 

for all x € M", and 

hikix) =^iX''f{X-^\x\^)H,k{x) 

for \x\ < p. We assume that the parameters A, fi, and p are chosen such that 
^ < 1 and X < p < 1. Note that ^^^i Xi hikix) = and Y17=i ^i^ikix) = 
for |x| < p. 

Given any pair (C,e) G x (0, cxo), there exists a unique function ^(g^j) 
such that ^(^^e) — 'U(^,£) £ ^{i,s) ^^^d 

j^^ {{dv(i,e),dij)g + Rg -0 - n(n - 2) \v(^,^,) \ ^ V') = 

for all test functions -0 £ "^(^.e) (^^^ Proposition E]). 
For abbreviation, let 

n = G M" X M : lei < 1, ^ < e < 2|. 

The following result is proved in the Appendix A of [4J. A similar formula 
is derived in [2]. 

Proposition 4. Consider a Riemannian metric on M" of the form gix) = 
exp(/i(x)), where /i(x) is a trace-free symmetric two-tensor on M" satisfying 
|/i(x)| < 1 for all X G M". Let Rg he the scalar curvature of g. There exists 
a constant C , depending only on n, such that 

Rg - didkhik + diihii dkhki) - ^ dihu dkhki + ^ dihik dihik 

<c\h\'^\d^h\ + c\h\ \dh\\ 
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Proposition 5. Assume that (^,e) £ XQ. Then we have 



n-2 



n + 2 
n — 2 



< caV + c(- 



\ 1—2 

A\ 2 



and 



A 



n-2 



n + 2 



2n 



n 

i,fc=l 

8(n+2) /A\^ 

Proof. Note that Yll=i dihik{x) = for |x| < p. Hence, it follows from 
Proposition [J] that 

\Rg{x)\ <C\h{x)\^ \d^h{x)\ + C\dh{x)\^ < Ci?{\+\x\f^ 

for I a; I < p. This implies 

n-2 



AnU 



n+2 
n — 2 



X di [{g''' - 6ik) dku^^^e)] 



i,k=l 



n-2 



and 



n-2 
4(n- 1) 



,fc=l 



n-2 



i,fc=l 

n-2 



< CA^ {\ + \x\f^~'' 

n-2 o 8(n + 2) 

for < /3. From this the assertion follows. 



Corollary 6. The function f (g^^) — ^^(g.e) satisfies the estimate 
whenever S Ail. 
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Proof. It follows from Proposition [2] that 



< c 



A 



2n J 



where C is a constant that depends only on n. Hence, the assertion follows 
from Proposition [5j 

We next establish a more precise estimate for the function — ■W(^,e)- 
Applying Proposition [1] with h = 0, we conclude that there exists a unique 
function € ^{^,£) such that 



4 

{dw(^,s) , di)) - n{n + 2) u^-^^ W(^^^^) ijj J 

„ n 



for all test functions V' € '?{^,e)- 

Proposition 7. The function ^{s^^e) ^-^ smooth. Moreover, if {C,^) S Afi, 
i/ien i/ie function ^^(^^e) satisfies the estimates 



< CA"2 ^(A + 



<CA^m(A+|x|)9"" 
<CA'^/i(A + |x|)8- 
/o^ a// X G M". 

Proof. There exist real numbers e) such that 



4 

„ n 
^,k=l 

n 



A:=0 



for all test functions ij) ^ £. Hence, standard elliptic regularity theory 
implies that w^(^,e) is smooth. 

It remains to prove quantitative estimates for W(^^^^y To that end, we 
consider a pair (^,e) G A$7. One readily verifies that 



f^X'f{X-^\x\^)Hik{x)didkU 



i,k=l 



<caV- 
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As a consequence, the function satisfies ||t«(g^e)||^_2r!^^^^^ < C fi. 

Moreover, we have X]fc=o < CA^/i. This imphes 

4 

|Aii'(C,£) + n{n + 2) u^~^^ W(^^^^)\ 

n n „ 

< C X"^ fi{X + \x\f-'' 
for all X E M". We claim that 

sup (A + \w(^^e){^)\ <CX^IJl. 

To show this, we fix a point xq G M". Let r = ^ (A + |xo|). Then 
and 

I ^W{i,e) + n(n + 2) n("^-') | < C A V ^ r^"" 
for all X G Bj.{xq). Hence, it follows from standard interior estimates that 

n — 2 

r~ \Wlp ^\iXQ)\ < C \\W(f ^\\\ _2n 

+ C \\/:^W(^^^^)+n{n + 2)u^,w " 



(C,e)^(5.£)llL-'(B,(xo)) 

o n — 2 n — 18 

< CX^ ^l + CX— fir — — 
<CX^fi. 



Therefore, we have 

sup (A + |x|)^~ \w(^^e){^)\ ^ C X^ fJ,, 



as claimed. Since sup^-gign |x|~2~ |w(^^e)(x)| < oo, we can express the function 
in the form 

(3) w^^^,)ix) = - (^_2||5n-i| |x-y|2-"Au;(5,,)(y)(iy 

for all X € R". 

We are now able to use a bootstrap argument to prove the desired estimate 
for It follows from ([3]) that 

sup (A + \x\f \w^^,e){x)\ < C sup (A + |x|)^+2 |Au;(^^,)(x)| 

for all < /3 < n — 2. Since 

4 

|Aw^(C,£)(2;)| < n(n + 2)u(^^£)(x)"-2 |u;(^,e)(x)| 
+ CA'^^(A + |x|)«-" 
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for all X G M", we conclude that 

sup {X + \x\f \w^^^,){x)\ <CX^ sup [X + \x\f-^ \w^^^,-){x)\ 

+ CX^ — — 

for all < /3 < n — 10. Iterating this inequality, we obtain 
sup (A + < CA^ /X. 

The estimates for the first and second derivatives of follow now from 

standard interior estimates. 



Corollary 8. The function — '"(^,£) ~ '^{i,e) satisfies the estimate 

8(»+2) n+2 /A\^ 

whenever {^,s) G XQ. 

Proof. Consider the functions 

i,k=l ^ ' 

and 

n 

i,fe=l 

By definition of w^^^^-j, we have 



f / n — 2 \ 

= - / (5i+52)V 

for all functions i/j G f(^,£)- Since u^(^,£) G ^(^,£)5 it follows that 

Moreover, we have 

where 

n — 2 "+2 
= Agti(^,,) - _ n(^,,) + n(n - 2) u^"^"') 

and 

^4 = b(«,£)h-^ ^(«,£) - U^i,') - U^i,') («(?,£) - «(«,£))• 

Thus, we conclude that 

~ ~ "^(e-e) = (-^1 + ^2 + S3 + n{n - 2) S4) , 
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where Gf^^ ^) denotes the solution operator constructed in Proposition [TJ As 
a consequence, we obtain 

It follows from Proposition [7| that 

l^i(^)l < 
for < p and 

\Bi{x)\ < CX^ p\x\ 

for \x\ > p. This implies 

8(u+2) /A\^ 

LBi 2„ < CA^^//^ + ( -) 

" "L'^iR") ~ \pJ 



\Bi{x)\ <C7A'^/i2(A + |x|)i6-" <CaV^2 



n — 2 



Moreover, observe that 



II-B2 + -B3II 2n <CA^^U^ + C - 

by Proposition [5j Finally, Corollary [6] implies that 

n + 2 

8(n + 2) n + 2 / A 



^ 2 , rv/Ax^ 



ra+2 
2 



< C A "~2 ^u-2 + (7 

Putting these facts together, we obtain 

8(n+2) n+2 / A\ 

This completes the proof. 



n-2 
2 



Proposition 9. We have 

- \dH^,e)\l + ^^5^ ^c; (4,.) - 4,.))) 

f _J_ i 

+ n{n- 2) | "-2 - n(g^^) 

/■ 2n ^ 

- / /"A^/(A"^ |xp)Fifc(x)5i(9fcW(^_£) 

16n 2n „ / A \ / A \ ""2 

< CA^^^^^^ + C7AV(-) +'^(~) 
whenever (^, e) G Ail. 
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Proof. By definition of V{^,£), we have 



n-2 



4(n - 1) 

4 

n(n - 2) |w(^,e)h-2 {v(^,e) - U(^^e)) = 0. 

Using Proposition [5] and Corollary [6l we obtain 

n-2 



- / n(n - 2) 'u"-''. - u^^^^)) 

„ n 



< 



i,k=l 

n — 2 



n + 2 
n-2 



n 



i,k=l 

■ll^(e,.)-^«,.)IL,^,„„ 



2n 



16n Q o / A 

< CX— ^i^ + CX^fi 



Moreover, we have 



+ c(-] . 

p/ \pJ 



n 



< 



16n 2n o /A 

< CA^ +CAV - 



n-2 
2 



by Corollary [HI Putting these facts together, the assertion follows. 



Proposition 10. We have 



16ti 271 / A\ 

< CA"-2 ^"-2 +(7 1^- 



whenever (C,e) G AO. 
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Proof. We have the pointwise estimate 



4 

- U^f,')) U^i,e) V{^,e) - ^ - 

2n 



2 

n 



2n 
, n-2 ■ 



where C is a constant that depends only on n. This imphes 



f 4 

16n 2n / A \ " 



by CoroharylGl 



Proposition 11. 14^e /laue 



2n 

ri-2 



n-2 



n-2 



BM 16(n-l) ^f-i^ 



16n „ /^\n-2 



whenever e) S AO. 



Proof. Note that 



1 " 

g'''{x) - 5ik + hik{x) - ^ hii{x) hki{x) 



1=1 

<C\h{x)f < Cfi^ (A + < Cfi^ (A + |x|)^ 
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for \x\ < p. This implies 



13 



< 



~ I ^ X] ha hki diU(^^^^) dkU(^^ 

JBp^ ^ i,k,l=l 

CX^'-'^IJ,^ [ (A + |x|) 



(A + |x|) 



2-2n 



16n „ / X\n-2 



By Proposition HI the scalar curvature of g satisfies the estimate 

1 " 

< C \h{x)\^ \c)'h{x)\ + C \h{x)\ \dh{x)\' 

< Cp^ (A+ < (^^3 ^x+\x\)^' 

for < p. This implies 



i,fc,i=l 

|2 Iq2t / M , ri I, / M |Qi,/^M2 



2„2 



16n 



(A+ |x|)"-2 



+2-2n 



+ CX 



n-2 



(A + |x|) 



4-2n 



K"\-Bp(0) 



16n „ „ / X\n~2 

< CX^ p^ + C p^ - 



At this point, we use the formula 



n-2 



n 



Since hik is trace-free, we obtain 

n 

hik C^j'"(5,£) dkU[^,e) 



4(n - 


1) 


n — 


2 


4(n - 


-D' 


n - 


- 2 



i,k=l 



4(n - 1) 



:,k=i 



hence 



■ fc=l 



n — 2 

^ didkhikuf^^^y 



n 4(n - 1) 



i,A;=l 
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Since Yl,'i=i 9ihik{x) = for \x\ < p, it follows that 



,A\n-2 



Putting these facts together, the assertion follows. 



Corollary 12. The function J^g{^,e) satisfies the estimate 
/■ 1 " 



+ 



n-2 



'MO) 16(ri - 1) . fji^ 

„ n 

i,k=i 

16n 2n „ / A \ /A\ 

< CA^^/i^ +CAV (-) +^(~) 
whenever {^,s) G AO. 



4. Finding a critical point of an auxiliary function 

We define a function F : x (0, oo) — ^ M as follows: given any pair 
(^,£) X (0, oo), we define 

/■ 1 " — — 



n-2 



X" 16(n-l) .j^; 



i,k=l 

where ^^(j^e) G '^(g,e) satisfies the relation 



({dz(^,6),dil^) - n(n + 2) "-2 V') 

n V / 

n 



i,k=l 



for all test functions G ^(?,£) • So^^ ™ ^^i^ section is to show that the 
function F{(,£) has a critical point. 
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Proposition 13. The function F{^,e) satisfies F{^,e) = F{—^,e) for all 
{S,, e) G M"- X (0, oo) . Consequently, we have ^F(0, e) = and g/gg -^(0; e) = 
for all e > and p = 1, . . . , n. 

Proof. This follows immediately from the relation Hik{—x) = Hik{x). 



Proposition 14. We have 



n{n + 2) 



+3 



i,k,l=l 
n 



+ 



and 



„ n 



n{n + 2){n + 4) 



.n+5 



i,k,l=l 
n 



+ 



2n(n + 2)(n + 4) 



Y iW,,ki + Wukj?5p,r^^^. 



i,j,k,l=l 

Proof. See [1], Proposition 16. 



Proposition 15. We have 



. n 

/ E 



{dlHik{x)f XpXq 



+ 



n(n + 2)(ra + 4) 

. j.n+3 
1 



1 Y (^ipkl + Wilkp) {Wigkl + Wukq) 
i,k,l=l 

(n + 4) /(r2)2 + 8r^ f{r^) f'{r^) + 4r^ f'{r^f'^ 



n{n + 2){n + 4) 

.n+3 



i j',fc,/=l 

• r- ■ " \n + 4) /(r2)2 + 4r2 /(r^) /'(r^) + 2r4 f'{r'^f 
Proof. Using the identity 
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and Euler's theorem, we obtain 
lT7 _ ^™^^2 



J2 {diHik{x)f 

i,k,l=\ 

n 

i,k,l=l 

n 

+ 4/(|x|2)/'(|x|2) Hik{x)xidiHik{x) 

i,k,l=l 

n 

+ 4|a;|V'(NY 

j,fe=i 

n 

i,k,l=l 

n 

+ [8fi\x\')f'{\x\') + 4\x\'fi\xm E Hikix) 

i,k=l 

Hence, the assertion follows from the previous proposition. 
Corollary 16. We have 



» n 

/ E i^iH^k{x))' 



1 

i,j,k,l=l 



„n+l 



(n + 2) /(r2)2 + 4 /(r^) f'{r^) + 2r^ f'{r^'^ 



Proposition 17. We have 

/•OO 

io 

• "(n + 2) /(r2)2 + 4r2 /(r^) /'(r^) + 2r^ /'(r^)^ 
Proof. Note that Z(^o^^^{x) = for all x eW^. This implies 



dr. 



F(0,£) = - 



^ 2 -n-2 I I |2\2-n 



n 16(n - 1) 



{e' + \x\ 



,k,l=l 
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Using Corollary [TU we obtain 
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~ n 



i,k,l=l 



1 



£"-2 (^2 ^ ^2^2-n ^n+1 



(n + 2) f{r^y + 4 /(r") /'(r") + 2 f{r^f 



This proves the assertion. 



Proposition 18. The function F{0, e) can be written in the form 



F{0,e) 



n-2 



16n(n - l)(n + 2) 



i,j,k,l=l 
/•oo 

I{e^) / (l + r2)2-«r"+^(ir, 
Jo 



where 



^, . n — 12 n — 10 , X 9 9 n — 12 



(n- 10) rs^ 



n + 6 n + 4 

+ ( 25 A? (n + 8) - 2(n - 12) t) + (^^-^ r - 10(n + 12)) 



n + 6 



10 



n + 8 3n + 52 ^ n + 8 n + lOn + 24 y 
; s — — — — — s 



n - 14 



n - 14 n - 16 10 



n + 8 n + 10n+12n + 32 g 
^ n-U n - 16 n - 18 400 ^ 



Proof. It is straightforward to check that 



(n + 2)/(.)2 + 4./(.)/(.) + 2.V'(s)' 
= {n + 2)r2 + 10(n + 4)r s + f 25(n + 8) - 2(n + 6)t) 



+ 



'n + 8 , A o 3n + 52 4 n + 24 . n + 32 
■ r - 10(n + 12) + ^ + 



10 



10 



400 
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This implies 
Jo 

■ \n + 2) fir^f + 4r2 /(r^) /'(r^) + 2r^ f'{r^f 

POD 

= (n + 2)r2 eM (1 + r^)^-" r"+i dr 

/•CX) 

+ 10(n + 4)r eM (1 + r^)^-" r"+3 (i^. 

^0 

+ (25{n + 8) - 2(n + 6)r) ^ (1 + r^)^-" r-"+^ 
+ f !!±^ ^ _ io(n + 12)) /"(I + r2)2-« r"+^ dr 

2 Jo 

|>00 

/ 

JO 

/•CXD 

/ (1 + r 

JO 



10 



Using the identity 

JO 2n — p — 7 Jo 



we obtain 



/•oo 

/ £n-2(^2^^2)2-n^n+l 
JO 

• \n + 2) /(r2)2 + 4 f{r^) f'{r^) + 2r4 f'{r^f 

f'OO 

Jo 

This completes the proof. 

In the next step, we compute the Hessian of F at (0,£). 



dr 
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Proposition 19. The second order partial derivatives of the function F{^, e) 
are given by 



+ 



(n - 2f 
8(n - 1) 



i,k,l=l 
n 



i,k,l=l 



Proof. See [i], Proposition 21. 



Proposition 20. The second order partial derivatives of the function F{^, e) 
are given by 



-F{0,e) 



n(n + 2)(n + 4) (^^P^^ + ^^^^p) (W^^.^/ + ^.^^.) 



_n-2 



dr 



(n - 2)2 



2n(n + 2)(n + 4) 



i,j,k,l=l 



PI 



' £--2 (^2 ^ ^2)-„ ^2 /(^2) ^,(^2) ^ ^2 ^/(^2)2 



(n - 2)2 



4n(n - l)(n + 2) 



i,j,k,l=l 
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Proof. Using the identity 



~ n 



y, Wipkl Wjqml Xi Xj Xf^ 
1 '-n-li 



n{n + 2) 



■ X] WipklWjqml{SijSkm + 6ikSjm + Sim6jk)r'^^^ f{r'^) 
i,j,k,l,m=l 

1 " 

-— — - I (Wipki + Wilkp) {Wigki + Wilkq) r"+3 /(r2 
' i,k,i=i 



we obtain 



e"-2 (e2 + u|2)-" 



^ Hpi{x)Hgi{x) 

.k,l=l 
1 

— — ^ {Wipki + Wukp) {Wiqki + Wukq) 



2n(n + 2) 

1 

Similarly, it follows from Proposition [15] that 
„ n 



1 ^ (WipH + t^iZfcp) {Wigkl + Wukq) 



i,k,l=l 
_n— 2 / 2 I 2n— n „n+3 



+ 



n{n + 2)(n + 4) 

"(n + 4) /(r2)2 + 8r2 /(r^) /'(r^) + 4r^ /'(r2)2 

n 

\S"-'\ Yl iWijki + Wiikj)^6, 



dr 



1 



i,j,k,l=l 



n{n + 2){n + 4) 

(n + 4) /(r2)2 + 4r2 /(r^) /'(r^) + 2r^ /'(r2)2 



dr. 
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Moreover, we have 

„ n 
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i,3,k,l=l 



£"-2 (g2^^2)l-n^n+l 



by Corollary [T6j A straightforward calculation yields 



dr 



{e^ + r^)!-" r"+i [(n + 2) /(r^)^ + Ar"^ f{r^) f'{r^)] 

= 2{n - 1) + r2)-" r"+3 ^(^2)2 ^ ^ r(^2 ^ ^2)l-n ^n+2 ^(^2)21 

This implies 

» n 
/ ^n-2 (^2 ^ |^|2)l-n ^ 



2(n - 1) , ^„_i 
n(n + 2) 



(Wijki + WukjfSpg 



i,j,k,l=l 



+ 



e«-2 (g2^^2)-n^n+3 J(^2)2 



9 "■ 

i,j,k,l=l 



pq 



e«-2 (£2^^2)l-n^n+5 /'(^2)2 



Putting these facts together, the assertion follows. 



Proposition 21. We have 



(^2 ^ ^2)-n 3 /(r^) /(^2) ^ ^2 ^/(^2) 



2\ fl(„2\ I „2 fl(Jl\2 



dr 



POO 

/ (1 + r 
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where 

^/ s , „ n — 10 n — 8 9 n — 10 ,„„ , x q 
J(s) = 10 Ts^ + 75 - 4t) 

^ ' n + 8 n + 6 n + 8 ^ ^ 

/3 _\ 4 23 n + 10 . lln + lOn+12 fj 

+ (to^-'°)'^ +Y;73I^^ -lo;^;^^ 

3 n+ 10 n+ 12 n+ 14 7 
80 n - 12 n - 14 n - 16 ' 

Proof. Note that 

2f{s)f\s)^sf\sf 

,10 J 2 10 80 

This imphes 



10T + (75-4T)s+(^r-50)s2 + ^"^"3 ^-^ „4 , -^^s 



/•oo 
^0 



/•CO 

= 10r£^ / (l + r2)-'*r'^+5dr 

/■oo 

+ (75-4r)e6 / (1 + r^)"'^ 

JO 

10 / Jo 

/•oo 

_ / (l + r2)-"r"+iidr 
2 Jo 

10 ./o 



23 10 



/•oo 

Jo 



q /•oo 
^ .14 



/•oo 

+ ^^'" / (l + r^)~"r-"+^^dr. 
80 Jo 



Hence, the assertion follows from the identity 

+ r^)-n ^/3+2 = ^ + ^ /"(I + dr. 
Jo 2n — p — 3 Jo 

Proposition 22. Assume that 25 < n < 51. T/ien we can choose r € 
suc/t that 7'(1) = 0, 7"(1) < 0, and J(l) < 0. 

Proof. The condition /'(I) = is equivalent to 



anr"^ + bnT + Cn = 0, 
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where 



n-12n-10, 

2 (n - 8 

n + 6 n + 4 

n — 12 , , , , n + '< 

30 (n - 10) - 8(n - 12) + 



n+6 ' ' ' '2 

n — 12 n + 8 

c„ = 100 (n + 8) - 50(n + 12) + 3 — (3n + 52) 

n + n — 14 

^n + 8 n + lOn + 24 n + 8 n + 10n + 12n + 32 

n - 14 n - 16 ^ n - 14 n - 16 n - 18 50 

By inspection, one verifies that 49a„ — 76^ + c„ < for 25 < n < 51. 

Since a„ is positive, there exists a unique real number r < — 7 such that 

Uut'^ + bnT + Cn = 0. Moreover, we have 

l"{l)-l'{l)=anT + Pn 

and 

J(l) = 7nr + 



where 



n - 12 , , , , 3(n + 8) 

an = 30 (n - 10 - 16 n - 12 + ^— ^ 

n + 2 

Pn = 200 (n + 8) - 150(n + 12) + 12 ^ (3n + 52) 

n + 6 n — 14 

n + 8 n + lOn + 24 n + 8 n + 10n + 12n + 32 
n - 14 n - 16 ^ n - 14 n - 16 n - 18 25 

n - 10 n - 8 4(n - 10) 3 

7„ = 10 ^ '- H 

' n + 8n + 6 n + 8 10 

„ n- 10 23 n + 10 11 n + 10 n + 12 

S„ = 75 - 50 + 



+ 



n + 8 2n-12 10 n - 12 n - 14 

3 n+10 n + 12 n + 14 



80 n - 12 n - 14 n - 16 
By inspection, one verifies that 7an > /3n > and 7jn > 6n > for 
25 < n < 51. This imphes /"(I) = a„ r + /3„ < -7a„ + /?„ < and 
J(l) = ^riT + 5n < — 77n + 6n < 0- This completes the proof. 



Corollary 23. Assume that r is chosen such that /'(I) = 0, /"(I) < 0, and 
J(l) < 0. Then the function F{^,e) has a strict local minimum at (0, 1). 

Proof. Since /'(I) = 0, we have ^F{0, 1) = 0. Therefore, (0, 1) is a 
critical point of the function F{^,e). Since J(l) < 0, we have 



:i+r' 







dr <0 



2f{r')f'{r')+r'f'{r'f 

bllows from Proposition [2 
g^^g^ F(0, 1) is positive definite. Using Proposition [THl and the inequality 



by Proposition [2TJ Hence, it follows from Proposition [2D] that the matrix 

5p 0<iq 



24 SIMON BRENDLE AND FERNANDO C. MARQUES 

/"(O) < 0, we obtain -^F{0, 1) > 0. Consequently, the function F(C,e) has 
a strict local minimum at (0, 1). 



5. Proof of the main theorem 

Proposition 24. Assume that 25 < n < 51. Moreover, let g he a smooth 
metric on M" of the form g{x) = exp{h{x)), where h(x) is a trace-free sym- 
metric two-tensor on M" such that \h{x) \ + \dh{x) \ + \d'^h{x)\ < a < ai for 
all X G M", h{x) = for \x\ > I, and 

hik(.x)=fiX^f{X'^\xf)H,k{x) 

for \x\ < p. If a and p^^" A"^^^ are sufficiently small, then there exists 
a positive function v such that 

n — 1 n + 2 

^9"^ - 77 TTRgV + n{n-2)v^-'^ = 0, 

4(n — 1) 

V"-2 < ' 



4n(n - 1^ 

2 — n 

and sup|2,|<;^ f (x) > cA^~. Here, c is a positive constant that depends only 
on n. 

Proof. By Corollary 1231 the function F(^,e) has a strict local minimum 
at (0,1). It follows from Proposition [T7] that F(0, 1) < 0. Hence, we can 
find an open set Vt' <zVt such that (0, 1) € and 

F(0,1)< inf F(e,e)<0. 

Using Corollary 1121 we obtain 

|^,(AC,Ae)-AiV'i^(e,e)l 

16n 2n „ / A \ / A \ ""2 

<c X— p— + C X^ Pl{-] +c 



.p/ \p 

for all {(,,£) G ft. This implies 

\X-"'p-^J^giXtXe)-F{te)\ 

32 4 2-n -, ri-18 o n in 

< C A^^ p^ + C p— A— + C p2-" p-2 xn-is 
for all (.^, e) G fi. Hence, if p^^" A"^"*^^ is sufficiently small, then we haye 

j^„(0,A)< inf J^JXC,Xe)<0. 

(C,£)ean' 

Consequently, there exists a point {(,,£) G il' such that 

T„{XC, Xe) = inf J^JXC, Xe) < 0. 

(5,£)Gn' 
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By Proposition [3l the function v = ^^^^ is a non-negative weak solution 
of the partial differential equation 

n — 2 n + 2 

AgV - — RgV + n{n -2)v "-2 = 0. 

4(n — 1) 

Using a result of N. Trudinger, we conclude that v is smooth (see [T8|. 
Theorem 3 on p. 271). Moreover, we have 



2(„ - 2) £ „S = 2(„ - 2) {^i^) ' + ^,(Af , A.) 



< 2{n - 2) 



:<n\ ^ li 
2 



^An{n — 1) 

Finally, it follows from Proposition [2] that H^" — ^<Ca. This 
implies 



fi — 2 

\B\(0)\^^ sup V(x) > \\v\\ 2n > \^\\\ 2n — C O. 

' |^|<A ^ "l^{Ba(0))-" (^«'^")"l^{B,(0)) 

n — 2 

Hence, if a is sufficiently small, then we obtain A~2~ sup|2.|<_>^ t'(x) > c. 

Proposition 25. Let 25 < n < 51. T/ien i/iere exists a smooth metric g on 
with the following properties: 

(i) 9ik{x) = hk for \x\ > \ 

(ii) g is not conformally flat 

(iii) There exists a sequence of non-negative smooth functions Vu (u ^'H) 
such that 

n — 2 "+2 
4(n - 1) 

for all 1/ G N, 



^gVu - 77 TT Rg Vy + n(n - 2) u^'-'' = 



.4n(n — 1) - 

/or all S N, and sup|2,|<]^ -^00 as v 00. 

Proof. Choose a smooth cutoff function ry : M — > M such that r]{t) = 1 for 
t < 1 and r]{t) = for t > 2. We define a trace- free symmetric two-tensor 
on M" by 

00 

/iifc(3;)= ^ r/(4iV2|x-y^|)2-4^/(2^|x-y^P)i/ifc(x-y;v), 

iV=Afo 

where ^at = (■^, 0, . . . , 0) G R". It is straightforward to verify that h[x) is 
(joo gj]2ooth. Moreover, if Nq is sufficiently large, then we have h{x) = 
for \x\ > \ and \h{x)\ + + \d'^h{x)\ < a for all x G R". (Here, a is 

the constant that appears in Proposition [231 ) We now define a Riemann- 
ian metric g by g{x) = exp(/i(x)). The assertion is then a consequence of 
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Proposition [2^ 
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